Another Realization of Kerr/CFT Correspondence by Matsuo, Yoshinori et al.
ar
X
iv
:0
90
7.
03
03
v1
  [
he
p-
th]
  2
 Ju
l 2
00
9
APCTP-Pre2009-008
July 2009
Another Realization of Kerr/CFT Correspondence
Yoshinori Matsuo†, Takuya Tsukioka‡ and Chul-Moon Yoo§
Asia Pacific Center for Theoretical Physics, Pohang, Gyeongbuk 790-784, Korea
Abstract
We study another realization of the Kerr/CFT correspondence. By imposing
new asymptotic conditions for the near horizon geometry of Kerr black hole, an
asymptotic symmetry which contains all of the exact isometries can be obtained.
In particular, the Virasoro algebra can be realized as an enhancement of SL(2,R)
symmetry of the AdS geometry. By using this asymptotic symmetry, we discuss
finite temperature effects and show the correspondence concretely.
†ymatsuo@apctp.org
‡tsukioka@apctp.org
§c m
1 Introduction
Recently, the correspondence between the Kerr black hole and conformal field theory
was studied [1]. They investigated the near horizon geometry which had SL(2,R)×U(1)
isometries [2], and considered the asymptotic symmetry following the work by Brown
and Henneaux [3]. The Virasoro algebra was realized from an enhancement of the
rotational U(1) isometry, not from the SL(2,R). It is natural to ask if there exists an
another symmetry promoted from the SL(2,R) symmetry of the near horizon geometry.
This symmetry is likely relevant to the deviation from the extremality.
In this paper, we investigate another realization of an asymptotic symmetry. Impos-
ing new asymptotic condition which is stronger than that in [1], we obtain an asymptotic
symmetry which contains all of the exact isometries. The SL(2,R) isometry could be
enhanced to the Virasoro algebra. We define the energy-momentum tensor following
the studies on the quasi-local energy [4]. Then we calculate the finite temperature effect
for the mass and the angular momentum by using this symmetry and show agreements
with those of the near extremal Kerr black hole. The entropy can be also discussed by
using the Cardy formula.
2 Kerr Black Hole
We start by introducing the Kerr metric:
ds2 = −dt2 + 2mr
r2 + a2 cos2 θ
(
dt− a sin2 θdφ)2 + (r2 + a2) sin2 θdφ2
+
r2 + a2 cos2 θ
r2 − 2mr + a2dr
2 +
(
r2 + a2 cos2 θ
)
dθ2, (2.1)
where we have used Boyer-Lindquist coordinate. The parameters m and a are related
to the ADM mass and the angular momentum as
M =
m
GN
, J =
am
GN
. (2.2)
The position of the horizon and the Hawking temperature are given by
r± = m±
√
m2 − a2, TH = r+ −m
4πmr+
. (2.3)
We consider the near horizon geometry of the Kerr geometry. We define new coor-
dinates
t = 2ǫ−1atˆ, r = a (1 + ǫrˆ) , φ = φˆ+
t
2a
, (2.4)
2
and take the limit of ǫ → 0 to obtain the near horizon geometry. For extremal case
a = m, the near horizon geometry becomes
ds2 = −f0(θ)rˆ2dtˆ2 + f0(θ)drˆ
2
rˆ2
+ fφ(θ)
(
dφˆ+ krˆdtˆ
)2
+ fθ(θ)dθ
2, (2.5)
with
f0(θ) = fθ(θ) = a
2
(
1 + cos2 θ
)
, fφ(θ) =
4a2 sin2 θ
1 + cos2 θ
, k = 1. (2.6)
Hereafter, we consider this near horizon geometry and omit “ ˆ ” of the coordinates.
The near horizon geometry has SL(2,R) × U(1) isometries generated by the following
four Killing vectors:
ξ−1 = ∂t, ξ0 = t∂t − r∂r, ξ1 =
(
t2 +
1
r2
)
∂t − 2tr∂r − 2k
r
∂φ, (2.7a)
ξφ = ∂φ, (2.7b)
where ξ−1, ξ0 and ξ1 form the SL(2,R), and ξφ is the U(1) rotational symmetry.
3 Asymptotic symmetry
Let us move on an asymptotic symmetry of the near horizon geometry of the Kerr metric.
The asymptotic symmetry is defined by using the asymptotic boundary condition. The
theory has an asymptotic symmetry if it has symmetry in the asymptotic region up to the
small perturbations which satisfy the asymptotic boundary condition. For geometries,
asymptotic symmetries are specified by asymptotic Killing vectors which satisfy
£ξgµν = O(χµν), (3.1)
where £ξ is the Lie derivative along ξ. Here, the asymptotic boundary condition is given
by
hµν = O(χµν), (3.2)
where hµν is a perturbation of the metric. We now impose the following boundary
condition:
hµν =


t r φ θ
t O(r0) O(r−3) O(r−2) O(r−3)
r O(r−4) O(r−3) O(r−4)
φ O(r−2) O(r−3)
θ O(r−3)

. (3.3)
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The most general form of the asymptotic Killing vector which satisfies (3.1) is
ξ =
(
ǫξ(t) +
ǫ′′ξ (t)
2r2
+O(r−3)
)
∂t +
(
−rǫ′ξ(t) +
ǫ′′′ξ (t)
2r
+O(r−2)
)
∂r
+
(
C − kǫ
′′
ξ(t)
r
+O(r−3)
)
∂φ +O(r−3)∂θ, (3.4)
where ǫξ(t) is an arbitrary function of t, and C is an arbitrary constant. We define ξn
as the asymptotic Killing with ǫξ(t) = t
1+n and C = 0 in (3.4), since the Hawking tem-
perature is zero for the extremal Kerr black hole (or equivalently time is non-compact).
Then these vectors form the Virasoro algebra
[ξn, ξm]LB = £ξnξm = (m− n)ξm+n. (3.5)
We should mention key differences from the original Kerr/CFT correspondence [1].
Our asymptotic condition (3.3) is stronger than the original one. The constraint (3.1)
can be divided into that from the background g¯µν and the perturbation, £ξgµν =
£ξg¯µν + £ξhµν . The constraint from the perturbation is automatically satisfied when
we impose the constraint from the background, differently from [1] and similarly to [3].
Our asymptotic symmetry (3.4) contains all of the original symmetries (2.7a) and (2.7b).
This is because our perturbation is small enough not to break the original symmetry
asymptotically. Contrary, in [1], the perturbation is so large such that it breaks original
symmetry even asymptotically. The rotational Killing vector (2.7b) is just realized as ξ
with ǫξ(t) = 0 and C = 1. It is crucial that the SL(2,R) Killing vectors (2.7a) are iden-
tical to ξn with n = −1, 0, 1. In our asymptotic symmetry, this SL(2,R) is enhanced
to the Virasoro algebra.
4 Asymptotic charge
We first consider a charge which is associated with the asymptotic symmetry [5, 6]. The
asymptotic charge is defined as the deviation of the charge from the background g¯µν .
For infinitesimal perturbation hµν , that is given by
QAξ [h] =
1
8πGN
∫
∂Σ∞
kξ[h, g¯], (4.1)
where the integration is taken over the boundary of a time slice. The two-form kξ is
defined by
kξ[h, g¯] =
√−g¯
4
ǫµνρσ k˜
µν
ξ [h, g¯] dx
ρ ∧ dxσ, (4.2)
4
with
k˜µνξ [h, g¯] =
1
2
[
ξµDνh− ξµDλhλν +
(
Dµhνλ
)
ξλ +
1
2
hDµξν
− hµλDλξν + 1
2
hµλ (Dνξλ +Dλξ
ν)− (µ↔ ν)
]
, (4.3)
where Dµ is a covariant derivative on the background geometry, and we denote g¯ =
det g¯µν and h = g¯
µνhµν . The Dirac bracket of the asymptotic charge can be calculated
by varying the charge as
{QAζ , QAξ } = δζQAξ
=
1
8πGN
∫
∂Σ∞
kξ[£ζ g¯, g¯] +
1
8πGN
∫
∂Σ∞
kξ[£ζh, g¯]. (4.4)
The second term is the charge QA[ζ,ξ], which is proportional to the perturbation h. The
first term is an additional constant term, which provides the central charge of the algebra.
For the near horizon geometry (2.5), we obtain
k˜µrζ [£ξg¯, g¯] = −
k
f0(θ)
ǫζ(t)ǫ
′′′
ξ (t) +O(r−2), (µ = φ) (4.5a)
k˜µrζ [£ξg¯, g¯] = O(r−2). (other components) (4.5b)
Since we get the charge which depends on t, we consider the analytic continuation of t
and define the generators as1
Ln =
1
2πi
∮
dt QAξn . (4.6)
The central charge c is then calculated as
c
12
=
1
2πi
∮
dt
1
8πGN
∫
∂Σ∞
kξm [£ξn g¯, g¯] = 0, (4.7)
namely, this algebra does not have the central extension within the framework to use
the “asymptotic charge”, and satisfies the commutation relation,
[Ln, Lm] = (n−m)Ln+m. (4.8)
5 Energy-momentum tensor in CFT
As shown in the previous section, the algebra of the asymptotic charge dose not have a
central extension. This fact makes it difficult to discuss the correspondence of physical
1 This definition is an analogue of that for the Virasoro algebra in two-dimensional CFT i.e. Ln =
1
2πi
∮
dz z1+nT (z). We identify Qǫn ∼ ǫn(z)T (z) with ǫn(z) = z1+n.
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quantities between CFT and Kerr black holes. Hence, we use the “quasi-local charge”
defined by using the surface energy momentum tensor [4], and obtain anomalous trans-
formations with a plausible cut-off.
According to the GKPW relation [7, 8] in the AdS/CFT correspondence [9], an
expectation value of energy-momentum tensor in the CFT is given by
〈T µν〉 = 2√−γ
δScl
δγµν
, (5.1)
where γµν is the metric on the boundary. This can be identified with the quasi-local
energy-momentum tensor defined by Brown and York [4] (see also [10]),
T µν =
2√−γ
δSgrav
δγµν
. (5.2)
The gravitational action Sgrav is the Einstein-Hilbert action with the Gibbons-Hawking
term,
Sgrav =
1
16πGN
∫
M
d4x
√−gR + 1
8πGN
∫
∂M
d3x
√−γK, (5.3)
where K = Kµµ and Kµν is the extrinsic curvature. Let us consider following decompo-
sition of the metric:
ds2 = N2dr2 + γµν(dx
µ +Nµdr)(dxν +Nνdr). (5.4)
We focus on the variation of the action with respect to the induced metric γµν . Since
we only consider an on-shell action, the variation of the action is reduced to boundary
terms,
δS =
∫
∂M
d3x πµνδγµν , (5.5)
where πµν is the conjugate momentum of γµν . Then the energy-momentum tensor on
the boundary is expressed as
T µν =
2√−γ π
µν =
1
8πGN
(Kµν − γµνK) . (5.6)
We next consider the ADM decomposition of the boundary metric γµν ,
ds2∂M = −N2∂Σdt2 + σab(dxa +Na∂Σdt)(dxb +N b∂Σdt), (5.7)
where Σ is a time slice and ∂Σ is that on the boundary. Then the quasi-local charge on
the boundary can be defined by
QQLξ =
∫
∂Σ
d2x
√
σ uµTµνξ
ν, (5.8)
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where uµ is a future pointing timelike unit normal to ∂Σ. This definition allows for the
boundary ∂Σ at a finite r. Here, we shall redefine the energy-momentum tensor on the
boundary by its deviation from the background,
τµν [h] = T µν
∣∣∣
g=g¯+h
− T µν
∣∣∣
g=g¯
. (5.9)
This redefinition is equivalent to introducing the boundary term to the action such that
δS = 0 also at the boundary for gµν = g¯µν . Then charges in the boundary theory become
QQLξ =
∫
∂Σ
d2x
√
σ uµτµνξ
ν . (5.10)
This definition of charges is slightly different from that for the asymptotic charge (4.1)2.
Let us consider the anomalous transformation of the energy-momentum tensor which
is given by
δξT
µν = τµν [£ξg¯]. (5.11)
The mass and the angular momentum are defined as M = QQL∂t and J = Q
QL
∂φ
, re-
spectively.3 We then obtain their anomalous transformations for the geometry (2.5),
δξM = − k
2
8πGN
∫
dφ dθ
(fφ(θ))
3/2
√
fθ(θ)
2Λf0(θ)
ǫ′′′ξ (t), (5.12a)
δξJ = − k
8πGN
∫
dφ dθ
(fφ(θ))
3/2
√
fθ(θ)
2Λ2f0(θ)
ǫ′′′ξ (t), (5.12b)
where we introduced a regularization by putting the boundary at r = Λ with large but
finite Λ. These terms vanish for Λ→∞. The regularization of Λ can be interpreted as
a cut-off in the field theory side. In the case of the Kerr black hole (2.6), we obtain
δξM = − a
2
GNΛ
ǫ′′′ξ (t), (5.13a)
δξJ = − a
2
GNΛ2
ǫ′′′ξ (t). (5.13b)
We assume this energy-momentum tensor corresponds to that of CFT, which obeys
the Virasoro algebra coming from the transformation of t. We could define the generators
as
Ln[h] =
1
2πi
∮
dt
∫
∂Σ
d2x
√
σ uµτµν [h] ξ
ν
n(t), (5.14)
2 The relation between the quasi-local charge and the asymptotic charge is discussed in Appendix A.
3 In [4], the mass is defined by using ξµ = N∂Σu
µ, instead of the Killing vector. However, this
definition cannot give the ADM mass if the Killing vector is not orthogonal to the time slice. Hence
we define the mass by using the Killing vector.
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where we have considered the analytic continuation of t. We have replaced the Killing
vector by ǫξ(t)∂t, or equivalently picked up the leading term. The central charge can be
read off from Ln[£ξg¯] as
c =
12a2
GNΛ
. (5.15)
6 Correspondence
We now show the correspondence between the Kerr black hole and the boundary the-
ory which is a (chiral) CFT. Charges in the boundary theory are identified with the
asymptotic charges of the Kerr black hole. Since we take the Kerr geometry itself as the
background, expectation values of charges should be zero at zero temperature. Hence,
we consider finite temperature effects by using the conformal transformation from the
zero temperature system.
We first consider the analytic continuation of t into a complex z whose imaginary
part is t. We map the complex plane of z to cylinder by using the transformation,
z → w = β
2π
log z, (6.1)
where β is the period of the imaginary part of w, so that we can obtain the finite
temperature system with temperature T = 1/β. The charges being zero at zero tem-
perature, only anomalous effects have nontrivial contributions at finite temperature.
Through the anomaly of mass (5.13a) and angular momentum (5.13b), we obtain the
finite temperature effect,
M =
a2
2GNΛ
(2πT )2, (6.2a)
J =
a2
2GNΛ2
(2πT )2. (6.2b)
An entropy in CFT can be calculated by using the Cardy formula [11] which relates the
central charge c to the density of high-energy states:
S = 2π
√
cL0
6
. (6.3)
At finite temperature, ǫξ should be expanded in Fourier modes e
−int/β , and L0 corre-
sponds to the energy. From (5.15) and (6.2a), we obtain the entropy
S =
(2π)2a2T
GNΛ
. (6.4)
8
In the gravity side, the finite temperature effects could be observed from the non-
extremal case. In order to obtain the near horizon geometry with the AdS-like structure,
we have to take the near extremal limit in which the difference between energy and
angular momentum is infinitesimally small. We here consider the following relation:
m = a
(
1 + ǫ2
∆
2
)
, (6.5)
where the parameter ∆ implies the deviation from the extremality. Then the tempera-
ture is now given by
TH = ǫ
√
∆
4πa
+O(ǫ2). (6.6)
The ADM mass and the angular momentum get the following corrections, respectively,
M =
a
GN
(
1 + ǫ2
∆
2
)
, (6.7a)
J =
a2
GN
(
1 + ǫ2
∆
2
)
. (6.7b)
The near horizon geometry becomes
ds2 = −f0(θ)
(
r2 −∆) dt2 + f0(θ) dr2
r2 −∆ + fφ(θ) (dφ+ krdt)
2 + fθ(θ)dθ
2, (6.8)
where f0(θ), fφ(θ), fθ(θ) and k are same as in (2.6). Due to the rescaling of time (2.4),
the Hawking temperature of the near horizon geometry is
TH =
√
∆
2π
. (6.9)
The mass of the near horizon geometry is defined by the charge associated to the timelike
Killing ∂tˆ in the geometry, and is related to that of the original Kerr metric as
M(near horizon) = 2aǫ
−1M(original) − ǫ−1J(original). (6.10)
We consider the energy and the angular momentum given by their deviation from the
extremality and obtain
M = ǫ
a2∆
2GN
= ǫ
a2
2GN
(2πTH)
2 , (6.11a)
J = ǫ2
a2∆
2GN
= ǫ2
a2
2GN
(2πTH)
2 , (6.11b)
where we wrote only the leading term in ǫ. Therefore, we conclude that the mass and
the angular momentum obtained in the CFT agree with those for the Kerr black hole,
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if we identify Λ = ǫ−1. The entropy of CFT also corresponds to its deviation from the
extremality in the gravity side. The Bekenstein-Hawking entropy of the Kerr black hole
is given by
S =
2πmr+
GN
=
2πa2
GN
(
1 + 2πǫTH +O(ǫ2)
)
. (6.12)
Its deviation from the extremality agrees with (6.4).
The relation between ǫ and Λ can be understood as follows: The near horizon geom-
etry comes from an infinitesimal region around the horizon. If the parameter ǫ in (2.4) is
kept finite, the geometry cannot be exactly equivalent to (2.5) but can be approximated
by (2.5) in the near horizon region r − r+ ≪ ǫ−1a. Since we cannot go out of this near
horizon region as long as we use (2.5), the boundary of this geometry should be taken
around rˆ . ǫ−1. Therefore we identify the position of boundary as Λ = ǫ−1.
7 Conclusions and discussions
We have considered another realization of the Kerr/CFT correspondence. We have
constructed new asymptotic Killing vectors by imposing a stronger constraint in the
asymptotic region of the near horizon geometry of the Kerr black hole. Perturbations
which satisfy this constraint do not break the symmetry of the original geometry. Then
our Killing vectors give an asymptotic symmetry which contains all of the exact isome-
tries. These forms the Virasoro algebra which is an extension of the SL(2,R) symmetry
of the geometry. We have calculated the central extension of this algebra by using the
“asymptotic charge” and it turns out to be zero. However this is not the end of the
story. Indeed we found anomalies when we consider the “quasi-local charge”, instead.
In order to see the anomalies in our case, we need some regularizations. Even if we
apply the same regularization for the quasi-local charge into the asymptotic charge, we
cannot obtain anomalous effects. Since the asymptotic charge is defined up to some
asymptotic condition, it might not be appropriate to estimate quantities which asymp-
totically vanish. In other words, the asymptotic charge should be defined at the bound-
ary r →∞. On the other hand, the quasi-local charge can be defined at arbitrary r, and
does not require any asymptotic condition. We could then introduce a regularization
and obtain anomalies.
Since the definition of the surface energy-momentum tensor has the same form to the
GKPW relation, we have used it as the energy-momentum tensor in the CFT side. We
have calculated finite temperature effects on the energy and angular momentum through
their anomalies and shown the correspondence concretely. The entropy has been also
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derived by using the Cardy formula and has agreed with that from the extremal case.
This fact is consistent in the following sense: Since charges are also defined as their
deviation from the extremality, we can expect that the CFT which obeys our Virasoro
algebra describes the deviation from the extremality.
We have defined the energy-momentum tensor in the field theory side by its deviation
from the background. This is related to the boundary condition, δS on the boundary.
Instead of this, one can introduce boundary counter terms related to the boundary
condition of the background. If geometry approaches asymptotically to the background
g¯, the corresponding boundary counter terms are defined such that δS = 0 also on
the boundary for g = g¯. By using this counter term, we can obtain the same energy-
momentum tensor without taking the deviation from the background. However, the
explicit form of the counter terms are not derived in this paper. This is left for future
studies.
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Appendix A Asymptotic and quasi-local charges
We consider the relation between the asymptotic charge and the quasi-local energy. The
asymptotic charge can be rewritten in the following form,
QAξ =
∫
∂Σ∞
d2x
√−g k˜trξ = lim
r→∞
∫
∂Σ
d2x
√
σ uµnν k˜
µν
ξ , (A.1)
where nµ is an outward pointing unit normal to the boundary ∂Σ. Comparing (5.8)
and (A.1), we can read off the relation between the “flux” k˜µνξ and the surface energy-
momentum tensor T µν as
k˜µνξ nν
∣∣∣
r→∞
∼ T µνξν . (A.2)
This relation is analogous to the GKPW relation, in which the flux is related to the
current in boundary theory. In the case of one-form gauge field, it has an expansion in
the form of
Aµ = A
(0)
µ + r
−a 〈Jµ〉+ · · · , (A.3)
where A
(0)
µ is related to the source in the boundary theory. Then the flux which goes
though the boundary is related to the current in the boundary theory,
Fµr ∼ −∂rAµ ∼ a 〈Jµ〉 r−a−1. (A.4)
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Let us check this relation for the anomalous transformation of the “flux” kξ. We
consider the variation of the metric under the asymptotic symmetry (3.4), and take £ξg¯
as a perturbation. We define
κ˜µrζ [£ξg¯] = N
−1T µνζν
∣∣∣
g=g¯+£ξ g¯
−N−1T µνζν
∣∣∣
g¯
. (A.5)
Again, we consider its deviation from the background. Then, for the near horizon
geometry (2.5), we obtain
κ˜µrζ [£ξg¯] = −
k
f0(θ)
ǫζ(t)ǫ
′′′
ξ (t), (µ = φ) (A.6a)
κ˜µrζ [£ξg¯] = 0. (other components) (A.6b)
By using the identification of (A.2), this expression agrees with (4.5). Then, we can
define a charge in analogy with the asymptotic charge as
Q˜Aξ =
∫
∂Σ
d2x
√
σuµnνκ˜
µν
ζ [h]. (A.7)
However, this is not identical to QQLξ . When we define the charge, we consider the
deviation from the background. For the asymptotic charge we take the difference of the
charge itself. On the other hand, we take the difference of the energy-momentum tensor
for the quasi-local charge. Then, these two definitions give different charge, even though
they are same if we do not take the background into account.
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